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Abstract. The knapsack container loading problem is the problem of loading a subset of rectangular boxes into a 
rectangular container of fixed dimensions such that the volume of the packed boxes is maximized. A new heuristic 
based on the wall-building approach was proposed earlier. That heuristic divides the problem into a number of layers 
and the packing of layers is done using a randomized heuristic. Further investigations of randomized heuristic are 
discussed in this paper. We focused on ways to find proportions of the mixture of heuristics which would lead to better 
performance of the algorithm. New results are compared with earlier research and some other constructive heuristics. 
The performance of the corresponding algorithms is experimentally compared for homogeneous and heterogeneous 
instances. Proposed improvements allow to achieve better filling ratio without increasing the computational complexity 
of the algorithm. 

 
 

1. Introduction When dealing with the container loading problem 
we have two types of the problem: 

The problem addressed in this paper is that of 
orthogonally packing a subset of some given rectangu-
lar-shaped boxes into a rectangular container of fixed 
dimensions. There are, however, several variants of 
the container loading problem depending on the objec-
tive function and constraints which are applied to 
packed boxes.  

• homogeneous – container consists of identical 
boxes; 

• heterogeneous – many different types of boxes 
are used.  

Most of the algorithms for the container loading 
problem are very “data dependent”: they work well on 
a specific distribution of the box types.  Strip packing. The container has fixed width and 

height but infinite depth. The problem is to pack all 
boxes such that the depth of the container is mini-
mized.  

The problem considered in this paper is the 
Knapsack Container Loading Problem (KCLP) where 
we assume that the profit of a box equals its volume. 
The objective is to fill the container most possible. 
The following notations will be used through the 
whole paper: the container has width W, height H and 
depth D. A set N = {1…n} of boxes is given, each box 
j having width wj , height hj and depth dj . The volume 
of each box is vj=wjhjdj.  

Knapsack loading. Each box has an associated 
profit, and the problem is to choose a subset of the 
boxes that fits into the container maximizing loaded 
profit. If the profit of a box is set to its volume, this 
problem corresponds to the minimization of wasted 
space.  

Bin-packing. All containers have fixed dimensions, 
and all the boxes are to be packed into a minimum 
number of containers.  

2. Heuristic algorithms 

The KCLP is NP-hard in the strong sense: only 
small-sized instances can be solved to optimality and 
large-sized instances needs heuristic approaches to be 
applied. The most common heuristic approaches can 
be classified as wall-building algorithms (Bischoff and 
Marriott[3], Hemminki[6], and Gehring, Menscher, 
Meyer[11]), stack-building algorithms (Gilmore and 
Gomory[15]), guillotine-cutting algorithms (Morabito 
and Arenales[16]), and cuboid-arrangement algorithms 
(Bortfeldt and Gehring[7]).  

Multi-container loading. Containers may have 
varying dimensions and the objective is to choose a 
subset of the containers, which results in the minimum 
shipping costs.  

Several other constraints may be imposed to the 
above problems: only specific rotations (if any) may 
be allowed, feasible solutions might be restricted to 
guillotine cuttable, there may be restrictions on how 
many boxes may be put on top of each other.  
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The wall-building approach, introduced by George 
and Robinson [5], fills the container in a number of 
layers across the depth of the container (see Figure 1).  

 
 
 

  
 
 
 
 
 
 
 
 
 
 
 

Figure 1. The wall-building approach 

This heuristic is based on the normalized layer 
depths: only layer depths d, which equal some box di-
mensions were considered. The depth of a layer must 
be carefully selected to obtain a good performance. 
Then the wall is packed in a greedy way as a number 
of horizontal strips. Every strip is packed by 
consecutively inserting boxes with the largest ranking. 
The ranking is based on the smallest dimension of a 
box, then on the number of remaining boxes of a 
given type and finally on the length of the largest di-
mension.  

We can find a lot of different heuristics based on 
the wall-building approach, where different ranking 
functions are applied. The major disadvantage of all 
wall-building heuristics is that they are greedy: 
making locally optimal choices, however, may lead to 
bad final solutions. To obtain a better performance, it 
is necessary to have some kind of backtracking possi-
bility.  

Tree-Search heuristic is an extension of the wall-
building approach where a tree-search strategy is used 
to find a set of layer depths and strip widths. To 
decrease the complexity, an m-cut approach is used for 
the enumeration where only a fixed number of sub-
nodes are considered for every branching node[8]. At 
each branching node, it is considered M1 different 
layer depths selected according to a specific ranking 
rule. Each layer is then filled as a number of strips, 
where the strips may be oriented horizontally or 
vertically. Again, only a limited number M2 of diffe-
rent strip widths are considered. Then a single strip is 
filled optimally by solving a Knapsack Problem (KP). 
For every layer depth d’1,…, d’M1 , a filling is chosen 
which has the overall best use of the volume.  

The algorithm presented by Baltacioglu[2] builds 
walls or layers along any of the six faces of the given 
container. This heuristic employs both layer packing 
and wall building approaches. One of the most im-
portant methods, used in this algorithm, is a layer-in-
layer packing approach: packing a sub-layer into any 
of the available unused spaces in the last packed layer 
(see Figure 2).  
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Figure 2. Layer in layer packing 
Another new, and the most important, feature of 

this heuristic is an adaptation of human behavior and 
intelligence to decide which box to pack. Humans 
prefer to pack boxes to reduce packing surface 
irregularities. They eyeball the dimensions of any gap 
to be packed and pick the most suitable boxes to keep 
the topology as smooth as possible. This heuristic 
works in the same way. While packing a layer, it 
attempts to retain a flat forward packing face. In each 
step, the dimensions of the gaps to be filled are 
determined, all the eligible boxes and their 
orientations are analyzed. The algorithm performs 
layer packing or wall building thus reducing the 
problem to a systematic series of two-dimensional 
packing problems.  

2.1 Randomized Heuristic 

After some experiments, three different heuristic 
fitness functions were chosen for selecting next box 
for packing:  

1.  }max{1 ivf →

A box with the largest volume is the most valuable.  
2. , where V  is the bounding 

sphere volume. 
}/max{2 ii Vvf → i

A box with the largest ratio box_volume/bound-
ing_sphere_volume is the most valuable. We assume 
that cube is the best shape by its nature. According to 
the ratio present in this function, we can decide how 
close the box is to the cube by its shape. 

3.  }},,max{min{3 iii dhwf →

A box, whose smallest dimension is the largest, is 
the most valuable.  

Dividing a container into several layers could give 
better solutions. A container is divided into layers 
along its largest dimension. The layer depth, which 
gives the maximum value to the ranking function, is 
chosen for the packing. We use ranking functions 
described by Pisinger[14]: 
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 It became obvious from experimental results that 

changing proportions of the mixture lets achieve better 
results for specific packing problems. Our new goal 
was to find the best proportions of the mixture while 
remaining algorithm’s independency from 
homogeneousness of the problem and additional 
restrictions. 

It became obvious from experimental results that 
changing proportions of the mixture lets achieve better 
results for specific packing problems. Our new goal 
was to find the best proportions of the mixture while 
remaining algorithm’s independency from 
homogeneousness of the problem and additional 
restrictions. 

7. The fourth frequency function f 4 returns the 
dimension of the box whose smallest dimension is the 
largest among the remaining yet unpacked boxes. It’s 
the same as (3) heuristic for box selection:  
 nidhwf iii ...1}},,,max{min{4 ==

The experiments showed that it’s possible to obtain 
better results using a mixture of these heuristics. For 
each layer we had tried four layer depth values ob-
tained using these heuristics and chosen the solution 
with better filling value. The best solution was achie-
ved by taking the two best ranked layer depths 
according to (4) and (7) heuristics and selecting the 
better filled one. This approach works as a limited 
backtracking possibility.  

We derived the proportions of the mixture by 
utilizing the genetic algorithm (GA). A population 
consisting of 20 individuals was used. BT-20 data set 
was used for evaluation of individuals. The average 
fill of all 100 problems was used for evaluation. Each 
chromosome had 5 genes which were represented as 
numbers from the interval [0; 100) and corresponded 
to proportions of the mixture. The ith component of the 
mixture pi is calculated by the formula: 

We derived the proportions of the mixture by 
utilizing the genetic algorithm (GA). A population 
consisting of 20 individuals was used. BT-20 data set 
was used for evaluation of individuals. The average 
fill of all 100 problems was used for evaluation. Each 
chromosome had 5 genes which were represented as 
numbers from the interval [0; 100) and corresponded 
to proportions of the mixture. The ith component of the 
mixture pi is calculated by the formula: 

First of all, every layer is filled using all three 
mentioned greedy approaches (1-3). After that, one 
additional heuristic for selecting next box for packing 
was implemented:  
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8.  A box having at least one dimension equal to the 
current layer depth is the most valuable; if there is no 
such box, then the most valuable box is assumed by 
previous heuristics.  

where gi is value of the gene. For creation of new 
generation, elitist strategy was used. All individuals 
better than average were moved to a new generation. 
Two new mutants from these individuals were created. 
To reach population of size 20, all other new 
individuals were generated by one point crossing of 
individuals already in new generation. The proportions 
from 26th generation are presented in Table 1. 

Next, we pack using a mixture of (1), (2), (3), (8) 
greedy (pure) heuristics and Monte-Carlo search: a 
mixture approach may lead to better results than using 
pure heuristics and Monte-Carlo search separately as it 
was shown in [6]. This part of the algorithm is 
executed a given number of iterations (the same for all 
layers).  

ng 
pure heuristics and Monte-Carlo search separately as it 
was shown in [6]. This part of the algorithm is 
executed a given number of iterations (the same for all 
layers).  

Table 1. Proportions of the mixture derived by 
utilizing genetic algorithm 

Heuristics (1), (2), (3) and (8) are used to 
determine which box should be packed next. For 
choosing where to place the next box, we maintain a 
list of possible box placement locations. Initially this 
list contains only one point, which is a corner of the 
container (or layer when packing layer). Then we 
search for box, which could be placed at this point and 
fits into container (layer), i.e. does not exceed con-
tainer (layer) dimensions. If the box fits into given 
point, then we remove this point from the list and add 
three new points. If the box does not fit, then it is 
rotated and it’s tried again to place the box. If the box 
does not fit in any orientation, then it is ignored.  

Heuristics (1), (2), (3) and (8) are used to 
determine which box should be packed next. For 
choosing where to place the next box, we maintain a 
list of possible box placement locations. Initially this 
list contains only one point, which is a corner of the 
container (or layer when packing layer). Then we 
search for box, which could be placed at this point and 
fits into container (layer), i.e. does not exceed con-
tainer (layer) dimensions. If the box fits into given 
point, then we remove this point from the list and add 
three new points. If the box does not fit, then it is 
rotated and it’s tried again to place the box. If the box 
does not fit in any orientation, then it is ignored.  

Probability Method 
0,063 heuristic (8) 
0,278 heuristic (1) 
0,051 heuristic (2) 
0,519 heuristic (3) 
0,089 Monte-Carlo search 

As was mentioned before, changing proportions of 
the mixture allows to achieve better results for specific 
packing problems. Naturally, if we could find a 
mechanism to choose specific mixture for each 
problem, we would expect an overall increase of the 
algorithm’s performance while packing wide range of 
problems. A possible solution could be to use artificial 
neural network (ANN). An input to such network 
would be some parameters describing problem type. 
An output would be proportions of the mixture. 

The main advantage of our algorithm is its inde-
pendency from homogeneousness of the problem. Un-
fortunately, usually most of the algorithms are very 
“data dependent”. Another advantage of our algorithm 
is its run time scalability. In most cases after just a few 
iterations it achieves a quite good solution, which 
differs from the solution got after a reasonable amount 
of time only by 3-6%. On the other hand, the expe-
riments show that the convergence of solution using 
our algorithm is near logarithmic and after some point 
there is no sense to expect to obtain a better solution 
after an acceptable time.  

The main advantage of our algorithm is its inde-
pendency from homogeneousness of the problem. Un-
fortunately, usually most of the algorithms are very 
“data dependent”. Another advantage of our algorithm 
is its run time scalability. In most cases after just a few 
iterations it achieves a quite good solution, which 
differs from the solution got after a reasonable amount 
of time only by 3-6%. On the other hand, the expe-
riments show that the convergence of solution using 
our algorithm is near logarithmic and after some point 
there is no sense to expect to obtain a better solution 
after an acceptable time.  

We have investigated usage of multilayered per-
ceptron for this particular problem. Proportions of the 
mixture were calculated by the same formula (1) 
which was used for GA assuming that gi is the output 
from the ith neuron in the output layer. Thus the ANN 
had 5 neurons in the output layer. Four input values 
were passed to the ANN: 
1. value 1 to introduce bias; 
2. 1 / number_of_different_box _types; 
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3. 1 / number_of_total_box_count; 
4. total_boxes_volume / container_volume. 

The above attributes should allow to distinguish 
various types of packing problems. For example, attri-
bute 2 represents homogeneousness of the problem. 
Of course these attributes are not universal and not 
allow to differentiate among all imaginable packing 
problems but experimentally we have shown that they 
are sufficient for 7 types of problems which were used 
to evaluate our algorithm and compare it with other 
works. 

The sigmoid function was used as transfer function 
for neurons in all layers. Good results were achieved 
using multilayered perceptron with one hidden layer 
and 6 neurons in it. 

For training of the ANN, we utilized the genetic 
algorithm once more. This time population of 10 
individuals was used. The best individual was moved 
to a new generation. Three individuals were generated 
by uniform crossing of the best individual and random 
individual taken from the best five (not counting the 
best one). Four individuals were generated by muta-
ting random individuals from best five (not counting 
the best one but including already crossed of even 
mutated individuals). Mutation of each weight was 
performed with probability 0.2. Mutated weight was 
changed by random number drawn from a Gaussian 
distribution with rew mean and standard deviation 1. 
The last 2 individuals were generated using uniformly 
distributed random weights from the interval [-1; 1). 

3. Experimental Results 

To get a more balanced picture on the algorithms, 
we have to consider a wide range of instances – from 
homogeneous problems to strongly heterogeneous 
problems. Unfortunately, the experimental results and 
comparison with other algorithms show that usually 
most of them are very “data dependent”: they are dedi-
cated for one type of problems – homogeneous or 
heterogeneous. 

For the weakly heterogeneous problems Hem-
minki[6] obtained a filling ratio of 84.5%. Using 
genetic algorithms to choose the depths of the layers, 
Hemminki obtained an average filling ratio of 87.0%. 
Bischoff and Ratcliff[4] report a filling ratio around 
83.0% for problems similar to the weakly heteroge-
neous problems. Bortfeldt and Gehring[7] obtained 
filling ratio of 83.9% for the same instances. Gehring 
and Bortfeldt[9] obtained a filling ratio of around 
87.7% for weakly heterogeneous instances similar to 
those of Bischoff and Ratcliff.  

To make our research results comparable with the 
others, we had used 7 classes of data presented by 
Bischoff. The data files are available on Imperial 
College Management School web page – OR-Library 
(http://www.ms.ic.ac.uk/info.html). Usually, these data 
sets are used as a test suite for comparisons (bench-
mark instances). Each class of the data contains 100 

data instances with 3, 5, 8, 10, 12, 15 and 20 box 
types, respectively. The same container dimensions are 
used in all of the problems: 587 ×  233 ×  220.  

The following parameter values were used for 
randomized heuristic to obtain current results: 
• for each layer, we tried to find a solution using the 

mixture presented in Table 1; 
• the mixture was tried for each layer for 1000 

iterations; 
• for each layer, there were considered 2 candidate 

depth values got using heuristics (4) and (7); 
• the packing procedure was repeated 5 times. 

Repeating packing procedure several times makes 
sense because different layer fillings can yield 
different candidates for the next layer, so we can get 
different results. 

We present the results of comparison (according to 
utilization of the container) of eight algorithms in 
Table 2: Bischoff and Ratcliff[10] (denoted by B.R.), 
Gehring and Bortfeld[11] (denoted by G.B.), Bortfeld 
and Gehring[12] (denoted by B.G.), Terno, Scheit-
hauer, Sommerweiß, and Riehme[13] (denoted by 
T.S.S.R.), Pisinger[1] (denoted by P.), Baltacioglu[2] 
(denoted by B.), randomized heuristic [17] (denoted 
by J.R.S.) and randomized heuristic using proportions 
of the mixture derived by utilizing genetic algorithm 
(denoted by GA) 

The best competitors to our algorithm seem to be 
methods developed by Pisinger[1] and Baltacioglu[2]. 
The algorithm proposed by Pisinger can achieve better 
maximum utilization of the container, but our mini-
mum case for most of data sets is better. The disper-
sion of utilization of the container for our algorithm is 
less what means more stability. Besides, our algorithm 
is less “data dependant. As it is obvious from Table 2, 
all other methods are dedicated for some special data 
sets. Our algorithm remains more stable through all 
classes of data sets. We also see that proportions of the 
mixture derived by utilizing genetic algorithm signifi-
cantly improve packing when we allow all possible 
box rotations. Although it is worth noting that impro-
vement is not equal for all data sets. 

We have investigated the change of effectiveness 
of the solutions while changing rotation constraints for 
boxes. The average results are shown in Table 3. It’s 
clear from the table that the best result can be 
achieved when all possible rotations are allowed. 
Proportions of the mixture derived by utilizing genetic 
algorithm also improve packing when only given box 
rotations are allowed but degrade results when no 
rotations are allowed at all. This is expected because 
evaluation function of the genetic algorithm used for 
finding better mixture was based on the case where all 
possible rotations of the boxes were allowed. By 
choosing different evaluation function we could im-
prove algorithm performance for other specific types 
of the problem. 
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Table 2. Comparison of different algorithms according to container filling (%)

Data Set 
Algorithm 

BT-3 BT-5 BT-8 BT-10 BT-12 BT-15 BT-20 
Min 73.7 73.8 75.3 78.4 – – 75.7 

Ave 85.4 86.3 85.9 85.1 – – 83.0 B.R. 

Max 94.4 93.8 92.6 90.1 – – 88.3 
Min 76.7 78.4 81.1 82.7 – – 84.4 
Ave 85.8 87.3 88.1 88.0 – – 87.7 G.B. 
Max 94.3 95.2 92.9 91.6 – – 90.7 
Min 78.7 79.7 82.4 80.9 – – 79.9 
Ave 89.0 88.7 88.2 87.4 – – 83.9 B.G. 
Max 95.7 95.0 94.0 92.0 – – 88.4 
Min 75.7 81.9 83.2 83.1 – – 80.6 
Ave 89.9 89.6 89.2 88.9 – – 86.3 T.S.S.R. 
Max 95.9 94.7 93.0 92.7 – – 89.0 
Min 79.3 84.9 86.7 86.1 85.2 86.7 85.4 
Ave 88.6 89.9 89.4 88.4 88.9 88.6 88.7 P. 
Max 96.1 95.8 94.7 94.9 94.3 92.9 92.7 
Min 78.9 84.8 84.5 84.4 84.0 84.3 84.3 
Ave 89.0 89.0 88.4 88.2 87.6 87.4 87.1 B. 
Max 95.3 94.0 92.1 91.9 89.9 91.3 90.2 
Min 83.2 85.5 85.3 86.2 85.9 86.3 85.9 
Ave 88.3 88.9 89.2 89.2 89.1 89.1 89.0 J.R.S. 
Max 93.7 94.6 92.5 92.8 92.3 93.1 91.9 
Min 82.4 84.1 84.1 84.9 85.8 86.4 86.4 
Ave 88.4 89.0 89.4 89.5 89.4 89.6 89.5 GA 
Max 92.8 93.7 92.8 92.9 93.1 93.0 91.7 

Table 3. Comparison of different algorithms according to container filling (%) when not all possible rotations of the boxes are 
allowed 

Data Set 
Algorithm 

BT-3 BT-5 BT-8 BT-10 BT-12 BT-15 BT-20 
No rotations 79.6 82.5 83.7 84.0 84.2 84.1 84.1 J.R.S. 

Given rotations 85.6 86.7 87.5 87.8 87.8 87.8 88.0 
No rotations 79.7 82.3 83.2 83.5 83.6 83.8 83.4 GA 

Given rotations 86.3 87.3 88.0 88.1 88.2 88.2 88.4 

 
As was mentioned in the previous section, we tried 

to use ANN to map some attributes of the problem to 
proportions of the mixture which fits well for that 
particular problem. The ANN was trained with last 10 
problems in each data set. Testing was performed by 
using first 90 problems from each data set. Results are 
shown in Figure 1. 

In order to make a fair comparison, the results 
presented in Figure 1 were calculated using first 90 
problems from each data set. All possible box 
rotations were allowed. As we see from the Figure 1, 
the results obtained by utilizing ANN are much better 
than J.S.R. but not as good as in GA case. This is not 
surprising because all 100 problems from BT-20 data 
set were used for training in GA. Naturally, GA 
provides the largest improvement for BT-20 data set 
when comparing with J.S.R. Also, the results of ANN 
case could be degraded due to small training data set. 

Nevertheless, the ANN method is more universal and 
provides more predictable improvement of container 
filling. 

4. Conclusions 

We have presented several ways to find propor-
tions of the mixture in order to improve the perfor-
mance of heuristic algorithm for solving the Knapsack 
Container Loading Problem. 

Our tests demonstrate the validity and performance 
of the algorithm. We experimentally compared our re-
sults with those reported in other works. The bench-
mark data instances were used for the tests. The re-
sults show that our algorithm can achieve better filling 
on the average than others. It is also worth noting that 
the proposed improvements allow to achieve better fil-
ling ratio without increasing computational complexi-
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ty of the algorithm. The algorithm also provides the 
stability of computational results (filling of the 
container) throughout all used data sets: the algorithm 
works well with homogeneous and heterogeneous 
types of problems. 

Future directions of the research could be search-

ing for better way to map attributes of the problem to 
proportions of the mixture which fits well for that par-
ticular problem instance. Also, the same techniques as 
presented here could be used not only to decide pro-
portions of the mixture but also to improve heuristics 
for layer choosing. 

 
Figure 1. Comparison of algorithms according to container filling (%) when packing first 90 problems from each data set 
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