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Abstract New versions of global optimization using the Bayesian Ayagh (BA) are de-
scribed.

The first one called "Exkor” is some method of multi-dimemsboptimization by applying
a sequence of one-dimensional global optimizers startimm the best points obtained by
previous one-dimensional optimizers. The new elementas dbservation points are de-
fined by explicit formulas.The results depend on the intiiht.

Therefore, in parallel computing, uniformely distributgehdom initial points are generated
and the best final result is accepted.

The second version is multi-dimensional where the sequefhmeservation points is gener-
ated in some hyper-recangule by minimization the risk fiamct

The minimization of risk functions is performed compari8gandomly generated points.
Thus, the paramet&controls the relation of auxiliary and main calculations.

In the both versions, The globality of search is controledHeyparametest.
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1 QOuitline

The traditional numerical analysis considers optimizatidgorithms that guarantee some
accuracy for all functions to be optimized. This includes #éxact algorithms. That is the
worst case analysis. To limit maximal errors one needs ctatipnal efforts that often
increase exponentially with the size of the problem. Thighé main disadvantage of the
worst case analysis.

The alternative is the average case analysis. Here an avereg is not limited but is
made as small as possible. The average is taken over a seictibfus to be optimized. The
average case analysis is the Bayesian Approach (BA) [2,5].

The Bayesian Approach (BA) is defined by fixing a prior disitibn P on a set of
functionsf(x) and by minimizing the Bayesian risk function [1,5]. The riskction Ry(x)
is the expected deviation from the global minimum at a fixehipa The distributionP is
considered as a stochastic modelf¢k), x € R™, wheref (x) might be a deterministic or a
stochastic function. In the Gaussian case, assuming [bjtibdén -+ 1)th observation is the
last one
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Herec, =min;jz — ¢, z = f(x;). my(X) is a conditional expectation with respect to observed

valuesz, i = 1,...,n. (x) is a conditional variance, arel> 0 is a correction parameter.
The minimum of the risk functiofy(X) is obtained [5] at the point
$(%)
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The objective of BA, used mainly in continuous cases, is tivigle as small average error
as possible while keeping convergence conditions.

2 Bayesian Approach (BA)

The Wiener process is a common [4,8,9] stochastic model enotie-dimensional case
m=1.

Figure 1 shows the conditional expectation, the conditistendard, and the risk function
with respect to available evaluations. The Wiener modellisspcontinuity of almost all
sample functiong (x). The model assumes that incremehtss) — f (x3) andf(x2) — f(x1),

X1 < X2 < X3 < X4, are stochastically independent. Hé(&) is Gaussiari0, ox) at any fixed
x> 0. Note, that the Wiener process originally provided a mathiécal model of a particle
in the Brownian motion.

The Wiener model is extended to multidimensional case, 5poHowever, simplified
stochastic models are preferablenf> 1. They can be preferable in one-dimensional cases,
too, since the Wiener model is just an approximation of ddtuzctions f (x). The simpli-
fied models are designed by replacing the traditional Kolonog consistency conditions.
The conistency conditions require the inversion of magricenth order for computing the
conditional expectatiomy(x) and variance?(x) *.

1 The favorable exceptions are the Markovian processesdimgithe Wiener one. Extending the Wiener
process tan > 1 the Markovian property disappears.
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Fig. 1 The Wiener model. The conditional expectatimix), the conditional standars(x), and the risk
functionR(x) with respect to observed valuedl), y(1),x(2),y(2),....

Replacing the regular consistency conditions by:
- continuity of the risk functiorR(x)
- convergence of, to the global minimum
- simplicity of expressions afy,(x) ands,(x)
the following simple expression &{(x) is obtained using the results of [5]
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The minimum of the risk functioR(x) is obtained at the point
2
X=X
Xn1 = argmaxmin u 4

X 1<i<n Z —Cp

The aim of BA is to reduce the expected deviation. In addjt®&h has some good asymp-
totic properties, too. It is shown [5] that
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Hered* is a density of pointg; around the global optimund, is an average density &fin

the feasible ared is an average value df(x) in this area.f* is an average value df(x)
around the global minimune is the correction parameter in expression (1). That means
that BA provides convergence to the global minimum for anytemiousf (x) and a greater
density of observationg around the global optimum, ifis large.



Note, that the correction parametehas a similar influence as the temperature in sim-
ulated annealing. However, that is a superficial similafitye good asymptotic behavior is
just some "by-product” of BA. The reason is that Bayesianiglens are applied for small
size samples where asymptotic properties are not notieeabl
General expressions (3) and (4) arekedimensional functions, whese= (X, k=1, ...,K).

In one-dimensional case there exists explicit solutior (8%). If K > 1, then some numeric
procedure should be used. The simplest one is the Monte €@aleh when the best point
X(s*) of Srandom uniformly distributed pointgs), s=1,...,Sis selected by (25) - (26).

To choose the next poimt 1 by BA, one minimizes the expected deviatiB(x) from
the global optimum (see Figure 1). The minimizationR{k) is a complicated auxiliary
optimization problem. That means that BA is useful for exgde in terms of computing
times, functions of a fewni < 20) continuous variables. This happens in wide variety of
problems.

Some examples are described in [5]. These include maxiimizaf the yield of differ-
ential amplifiers, optimization of mechanical systems ohack absorber, optimization of
composite laminates, evaluation of parameters of immuicéd models and nonlinear time
series, planning of extremal experiments on thermostatiieneric compositions. A large
set of test problems in global optimization is consideref8]n

3 One-dimensional Optimization

If m= 1 then from (4) follows
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The minimum of the risk functioR(x) is obtained at the point
_ o (x—x)?
X1 = argag(?é 1 g@rﬁ 1 z-c (7)
Here the maximum is reached at some paiatx’, i = 1,...,n— 1 satisfying conditions
(X—Xi)2 _ (X_ Xi+1)2 (8)
z —¢n Zi1—Cn’
X <X<Xy1, X1=a Xy =b,i=1..,n-2. 9)
This way condition (6) is reduced to
Xni1=arg,_min (RO (10)
Here
x\ : (XI* — Xi)z
R) = min z——— — (11)

Fig. 2 . illustrates the simple case wher- 5 andxs = min;R(X"), i =1,2,3,4



X_6=best x_i*, i=1,2,3,4, x_1=a,x_5=b
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Fig. 2 lllustrates the observations,i = 1,2, 3,4,5 and the solutions,i =1,2,3,4 .

The points satisfying (7) are defined by conditions

X = (X2 —x1)/(V1#V2) — V1 X2+ V2 X1
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Herevl=2z—cCy,, V2=2,1—Cy, XL =X, X2=X 11,1 =1,...,n—1
The points satisfying both (7) and (8) are determined asvdl
L )i <X <X
6= {Xﬂ if % <% < Xiy1, (14)

4 Coordinate Optimization (CO)

The one-dimensional model is applied for coordinate optittion wherx= (xI, j=1,....m)
We start from some initial point = x(0) and apply one-dimensional search by this sequen-
tial procedure:

x(1) =arg minb f(x(0)) (15)

X(2) = arg mir;b F(x(1)) (16)

....... X(m):argamwlbf(x(m_l)) .
x(M+1) = arg _minb F(x(m)) (18)

We stop whemm = M and denote the best point:as= x(M). Here results depend on initial
pointsx(0).

However the coordinate optimization is a convenient toeisdialization by one-dimensional
projections. Coordinate optimization converges to glabalimum if

700 = 3 fitx) or 109 = [1i(x) 19)

Otherwise, it provides some approximation.



5 Global Coordinate Optimization (GCO)

We start from random initial points= x(0);, t =1, ..., T and apply one-dimensional search
by repeating this this sequential procedutirémes, preferably by different processors

XL =arg_min_f(x(0)r) (20)
X(2); = arg ;’ngr;b f(x(L)r) (21)
X(mj=arg min f(x(m- 1)) (22)
x(m+ 1) :a;g _minb f(x(m)r) (23)

Then we select the best point using results ofTafirocessors (and all M iterations, if
f(x) is stochastic)

f = i f(x(M 24

X argt:l,...flr,nrlrgl“..‘M (x(M:)) (24)
Here results converge to the global minimum of any contisufanction when — oo

GCO is intended for parallel computing by multi-processgstems. Different processors
generate different starting points. The final result is tetd by the master processor using
(24).

6 Parallel Bayesian Optimization (PBO)

Here different processors perform separate Bayesian izaiion using (25) and (26).
To minimize the risk function (25% random point(s) are generated and the best point
x(s*) is selected to define the next observation paint = x(s«), n=1,...,M — 1. There-
fore, different processots= 1, ..., T produce different results denoted by index
Here

[x(s)e —xil|?
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The minimum of the risk functioR(x) is obtained at the point

- Ix(s)e — x|
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where
[1X(8)e —%i][7 = Z1 (X () — %)% 7)

Then the best point using results of @lprocessors and alll observations is selected by a
master processor.

X = arg _ min f(X(S")nt) (28)

Here results converge to the global minimum of any contistfanction whenl — oo



7 Parameter selection

Globality of search is controlled by the parametetLargee defines global, nearly uniform
search. SmalE performs most of the observations around local minima. Tlhbad con-
vergence is provided at ary> 0. However, since the convergence rate depeng, some
experimentation with differerg could be useful.

The minimization of the risk function in one-dimensionakeds performed by exact ex-
pressions (9) and (10). K > 1 the accuracy of risk function minimization depends on the
parameteS which controls the balance of computing resources betwasit lcalculations
defining values of functiorfi(x) and auxiliary calculations needed to minimize the risk func
tion R(X).

The simple rule is to select lar@f 1s < 1F, otherwise select small Herers is estimated
time of risk minimization using paramet8randzr is estimated time to calculate the func-
tion f(x) at some fixeck.

The parameters andSare in the grafical users interface (GUI) for conv enient atddipn

to the problem to be solved.
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