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Abstract New versions of global optimization using the Bayesian Approach (BA) are de-
scribed.
The first one called ”Exkor” is some method of multi-dimensional optimization by applying
a sequence of one-dimensional global optimizers starting from the best points obtained by
previous one-dimensional optimizers. The new element is that observation points are de-
fined by explicit formulas.The results depend on the initialpoint.
Therefore, in parallel computing, uniformely distributedrandom initial points are generated
and the best final result is accepted.
The second version is multi-dimensional where the sequenceof observation points is gener-
ated in some hyper-recangule by minimization the risk function.
The minimization of risk functions is performed comparingS randomly generated points.
Thus, the parameterS controls the relation of auxiliary and main calculations.
In the both versions, The globality of search is controled bythe parameterε.
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1 Outline

The traditional numerical analysis considers optimization algorithms that guarantee some
accuracy for all functions to be optimized. This includes the exact algorithms. That is the
worst case analysis. To limit maximal errors one needs computational efforts that often
increase exponentially with the size of the problem. This isthe main disadvantage of the
worst case analysis.

The alternative is the average case analysis. Here an average error is not limited but is
made as small as possible. The average is taken over a set of functions to be optimized. The
average case analysis is the Bayesian Approach (BA) [2,5].

The Bayesian Approach (BA) is defined by fixing a prior distribution P on a set of
functions f (x) and by minimizing the Bayesian risk function [1,5]. The riskfunctionR0(x)
is the expected deviation from the global minimum at a fixed point x. The distributionP is
considered as a stochastic model off (x), x ∈ Rm, where f (x) might be a deterministic or a
stochastic function. In the Gaussian case, assuming [5] that the(n+1)th observation is the
last one

R0(x) =
1√

2πsn(x)
×

∫ +∞

−∞
min(cn,z)e

− 1
2 (

y−mn(x)
sn(x) )

2

dz. (1)

Herecn = mini zi−ε, zi = f (xi). mn(x) is a conditional expectation with respect to observed
valueszi, i = 1, ...,n. s2

n(x) is a conditional variance, andε > 0 is a correction parameter.
The minimum of the risk functionR0(x) is obtained [5] at the point

xn+1 = argmax
x

sn(x)
mn(x)− cn

. (2)

The objective of BA, used mainly in continuous cases, is to provide as small average error
as possible while keeping convergence conditions.

2 Bayesian Approach (BA)

The Wiener process is a common [4,8,9] stochastic model in the one-dimensional case
m = 1.
Figure 1 shows the conditional expectation, the conditional standard, and the risk function
with respect to available evaluations. The Wiener model implies continuity of almost all
sample functionsf (x). The model assumes that incrementsf (x4)− f (x3) and f (x2)− f (x1),
x1 < x2 < x3 < x4, are stochastically independent. Heref (x) is Gaussian(0,σx) at any fixed
x > 0. Note, that the Wiener process originally provided a mathematical model of a particle
in the Brownian motion.

The Wiener model is extended to multidimensional case, too [5]. However, simplified
stochastic models are preferable ifm > 1. They can be preferable in one-dimensional cases,
too, since the Wiener model is just an approximation of actual functions f (x). The simpli-
fied models are designed by replacing the traditional Kolmogorov consistency conditions.
The conistency conditions require the inversion of matrices of nth order for computing the
conditional expectationmn(x) and variances2

n(x)
1.

1 The favorable exceptions are the Markovian processes including the Wiener one. Extending the Wiener
process tom > 1 the Markovian property disappears.
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Fig. 1 The Wiener model. The conditional expectationm(x), the conditional standards(x), and the risk
functionR(x) with respect to observed valuesx(1),y(1),x(2),y(2), ....

Replacing the regular consistency conditions by:
- continuity of the risk functionR(x)
- convergence ofxn to the global minimum
- simplicity of expressions ofmn(x) andsn(x)
the following simple expression ofR(x) is obtained using the results of [5]

R(x) = min
1≤i≤n

zi − min
1≤i≤n

‖x− xi‖2

zi − cn
. (3)

The minimum of the risk functionR(x) is obtained at the point

xn+1 = argmax
x

min
1≤i≤n

||x− xi||2
zi − cn

. (4)

The aim of BA is to reduce the expected deviation. In addition, BA has some good asymp-
totic properties, too. It is shown [5] that

d∗/da =

(

fa − f ∗ + ε
ε

)1/2

, n → ∞. (5)

Hered∗ is a density of pointsxi around the global optimum.da is an average density ofxi in
the feasible area.fa is an average value off (x) in this area.f ∗ is an average value off (x)
around the global minimum.ε is the correction parameter in expression (1). That means
that BA provides convergence to the global minimum for any continuousf (x) and a greater
density of observationsxi around the global optimum, ifn is large.
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Note, that the correction parameterε has a similar influence as the temperature in sim-
ulated annealing. However, that is a superficial similarity. The good asymptotic behavior is
just some ”by-product” of BA. The reason is that Bayesian decisions are applied for small
size samples where asymptotic properties are not noticeable.
General expressions (3) and (4) are forK-dimensional functions, wherex = (xk, k = 1, ...,K).
In one-dimensional case there exists explicit solution (8)- (14). If K > 1, then some numeric
procedure should be used. The simplest one is the Monte Carlosearch when the best point
x(s∗) of S random uniformly distributed pointsx(s), s = 1, ...,S is selected by (25) - (26).

To choose the next pointxn+1 by BA, one minimizes the expected deviationR(x) from
the global optimum (see Figure 1). The minimization ofR(x) is a complicated auxiliary
optimization problem. That means that BA is useful for expensive, in terms of computing
times, functions of a few (m < 20) continuous variables. This happens in wide variety of
problems.

Some examples are described in [5]. These include maximization of the yield of differ-
ential amplifiers, optimization of mechanical systems of a shock absorber, optimization of
composite laminates, evaluation of parameters of immunological models and nonlinear time
series, planning of extremal experiments on thermostable polymeric compositions. A large
set of test problems in global optimization is considered in[3].

3 One-dimensional Optimization

If m = 1 then from (4) follows

R(x) = min
1≤i≤n

zi − min
1≤i≤n−1

(x− xi)
2

zi − cn
. (6)

The minimum of the risk functionR(x) is obtained at the point

xn+1 = arg max
a≤x≤b

min
1≤i≤n−1

(x− xi)
2

zi − cn
. (7)

Here the maximum is reached at some pointx = x∗i , i = 1, ...,n−1 satisfying conditions

(x− xi)
2

zi − cn
=

(x− xi+1)
2

zi+1− cn
, (8)

xi ≤ x ≤ xi+1, x1 = a, xn = b, i = 1, ...,n−2. (9)

This way condition (6) is reduced to

xn+1 = arg min
1≤i≤n−1

R(x∗i ). (10)

Here

R(x∗i ) = min
1≤i≤n−1

zi −
(x∗i − xi)

2

zi − cn
. (11)

Fig. 2 . illustrates the simple case whenn = 5 andx6 = mini R(x∗i ), i = 1,2,3,4
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Fig. 2 Illustrates the observationsxi, i = 1,2,3,4,5 and the solutionsxi, i = 1,2,3,4 .

The points satisfying (7) are defined by conditions

x+
i =

(x2− x1)
√

(v1∗ v2)− v1∗ x2+ v2∗ x1
v2− v1

(12)

x−i =
(x2− x1)

√

(v1∗ v2)+ v1∗ x2− v2∗ x1
v2− v1

(13)

Herev1 = zi − cn, v2 = zi+1− cn, x1 = xi, x2 = xI+1, i = 1, ...,n−1
The points satisfying both (7) and (8) are determined as follows

x∗i =

{

x+
i , if xi ≤ x+

i ≤ xi+1

x−i , if xi ≤ x−i ≤ xi+1,
(14)

4 Coordinate Optimization (CO)

The one-dimensional model is applied for coordinate optimization whenx = (x j, j = 1, ...,m)
We start from some initial pointx = x(0) and apply one-dimensional search by this sequen-
tial procedure:

x(1) = arg min
a1≤x1≤b1

f (x(0)) (15)

x(2) = arg min
a2≤x2≤b2

f (x(1)) (16)

.......................................................

x(m) = arg min
am≤xm≤bm

f (x(m−1)) (17)

x(m+1) = arg min
a1≤x1≤b1

f (x(m)) (18)

.......................................................

We stop whenm = M and denote the best point asx∗= x(M). Here results depend on initial
pointsx(0).
However the coordinate optimization is a convenient tool ofvisualization by one-dimensional
projections. Coordinate optimization converges to globalminimum if

f (x) = ∑
i

fi(xi) or f (x) = ∏
i

fi(xi) (19)

Otherwise, it provides some approximation.
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5 Global Coordinate Optimization (GCO)

We start from random initial pointsx = x(0)t , t = 1, ...,T and apply one-dimensional search
by repeating this this sequential procedureT times, preferably by different processors

x(1)t = arg min
a1≤x1≤b1

f (x(0)r) (20)

x(2)t = arg min
a2≤x2≤b2

f (x(1)r) (21)

.......................................................

x(m)t = arg min
am≤xm≤bm

f (x(m−1)r) (22)

x(m+1)t = arg min
a1≤x1≤b1

f (x(m)r) (23)

.......................................................

Then we select the best point using results of allT processors (and all M iterations, if
f (x) is stochastic)

x∗ = arg min
t=1,...,T, m=1,...,M

f (x(Mt)) (24)

Here results converge to the global minimum of any continuous function whenT → ∞
GCO is intended for parallel computing by multi-processor systems. Different processors
generate different starting points. The final result is obtained by the master processor using
(24).

6 Parallel Bayesian Optimization (PBO)

Here different processors perform separate Bayesian optimization using (25) and (26).
To minimize the risk function (25)S random pointsx(s) are generated and the best point
x(s∗) is selected to define the next observation pointxn+1 = x(s∗), n = 1, ...,M−1. There-
fore, different processorst = 1, ...,T produce different results denoted by indext.
Here

R(x(s)t) = min
1≤i≤n

zit − min
1≤i≤n

‖x(s)t − xi‖2

zit − cnt
. (25)

The minimum of the risk functionR(x) is obtained at the point

x(s∗)nt = argmax
x(s)t

min
1≤i≤n

||x(s)t − xi||2
zit − cnt

. (26)

where

||x(s)t − xi||2 = Σ K
k=1(x

k(s)t − xk
i )

2. (27)

Then the best point using results of allT processors and allM observations is selected by a
master processor.

x∗ = arg min
t=1,...T, n=1,...,M

f (x(s∗)nt) (28)

Here results converge to the global minimum of any continuous function whenT → ∞
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7 Parameter selection

Globality of search is controlled by the parameterε. Largeε defines global, nearly uniform
search. Smallε performs most of the observations around local minima. The global con-
vergence is provided at anyε > 0. However, since the convergence rate depend onε, some
experimentation with differentε could be useful.
The minimization of the risk function in one-dimensional case is performed by exact ex-
pressions (9) and (10). IfK > 1 the accuracy of risk function minimization depends on the
parameterS which controls the balance of computing resources between basic calculations
defining values of functionf (x) and auxiliary calculations needed to minimize the risk func-
tion R(x).
The simple rule is to select largeS if τS < τF , otherwise select smallS. HereτS is estimated
time of risk minimization using parameterS, andτF is estimated time to calculate the func-
tion f (x) at some fixedx.
The parametersε andS are in the grafical users interface (GUI) for conv enient adaprtation
to the problem to be solved.
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